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THE BANACH SPACE S IS COMPLEMENTABLY MINIMAL AND 

SUBSEQUENTIALLY PRIME 

G. ANDROULAKIS AND TH. SCHLUMPRECHT 


Abstract We first include a result of the second author showing that the Banach space S is 
complementably minimal. We then show that every block sequence of the unit vector basis of 
S has a subsequence which spans a space isomorphic to its square. By the Pelczynski decom¬ 
position method it follows that every basic sequence in S which spans a space complemented 
in S has a subsequence which spans a space isomorphic to S (i.e. S' is a subsequentially 
prime space). 


1. Introduction 


The Banach space S was introduced by the second author as an example of an arbitrarily 
distortable Banach space [[L4[]. In Q the space S was used to construct a Banach space 
which does not contain any unconditional basic sequence. In this paper we are concerned 
with the question whether or not S' is a prime space. We will present two partial results: 
In Section 2 we show that S is complementably minimal, and thereby answer a question of 
P. G. Casazza, who asked whether or not £ p , 1 < p < oo, and cq are the only complementably 
minimal spaces. In Section 3 we prove that S' is subsequentially prime. 

Let us recall the above notions. A Banach space A" is called prime |12|] if every comple¬ 
mented infinite dimensional subspace of A is isomorphic to A". A. Pelczynski |L3] showed 
that the spaces c 0 and £ p (1 < p < oo) are prime, and J. Lindenstrauss [TI[ showed that this 
is also true for the space i^. New prime spaces were constructed by W.T. Gowers and B. 
Maurey ||. But it is still open whether or not 1 < p < oo, and c 0 are the only prime 
spaces with an unconditional basis. 

A space A" is called minimal (a notion due to H. Rosenthal) if every infinite dimensional 
subspace of A contains a subspace isomorphic to A", and X is called complementably minimal 
H if every infinite dimensional subspace of X contains a subspace which is isomorphic to 
A and complemented in X. P.G. Casazza and E. Odell [f|] showed that Tsirelson’s space 
T H, as described in ||, fails to have a minimal subspace. On the other hand it was 
shown by P.G. Casazza, W.B. Johnson and L. Tzafriri Q that the space T* is minimal but 
not complementably minimal. Since S is complementably minimal, either S is prime, or 
there exists a complemented subspace X of S such that X and S give a negative solution to 
the Schroeder-Bernstein problem for Banach spaces (see [2j for a detailed discussion of this 
question): if two space are isomorphic to complemented subspaces of each other must they 
be isomorphic? Negative solutions to the Schroeder-Bernstein problem for Banach spaces 
are given by W.T. Gowers [0, and W.T. Gowers and B. Maurey [[]], but to our knowledge it 
is open whether or not there are two Banach spaces A and Y, both having an unconditional 
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basis, so that X is complemented in Y and Y is complemented in A", but so that X and Y 
are not complemented. 

The following terminology was suggested to us by D. Kutzarova. 


Definition. A Banach space X with a basis is called subsequentially prime if for every basic 
sequence (xf) of X such that the closed linear span of (xf) is complemented in X, there exists 
a subsequence (yf) such that the closed linear span of (yf) is isomorphic to X. 


As mentioned above, we will show that the space S is subsequentially prime. We do not 
know if S is prime, we even do not know whether or not the closed linear span of a block 
basis which is complemented in S is isomorphic to S. 

We will need some notations. Let c 0 o be the linear span of finitely supported real sequences, 
and let (e*) denote its standard basis. For x G coo, supp(x) = {i G N : £; 7 ^ 0} denotes 
the support of x. For a finite set A the cardinality of A is denoted by ffA. If E, F C N we 
write E < F if maxi? < min F, and we write x < y for x, y € coo if supp(x) < supp(y). A 
sequence (xf)i in coo is a block sequence of (e*) if x\ < x-i < .... For x = Yim x i e i e c oo and 
E CN E{x) is the projection of x onto the span of (e*)^, i.e. E(x) = YieE x i e i- 

Recall (131 that the norm of S is the unique norm on the completion of Coo which satisfies 
the implicit equation: 


( 1 ) 


m = mho 


V sup 

2 <n, EiCN, i= 1 .. 
Ei<E 2 <...<E„ 


/w tr 


Y \\ E i x \ 


where || • denotes the norm of i c 
i G N, t > 2, we define 


and f(n) = log 2 {n + 1), for n G N. For x G S and 


Ml< : = SU P 

E 1 <E 2 <...<E e f{t) 


X 


We note that || • ||^, 2 < l < 00 , is an equivalent norm on S and we observe that for x G S 
and 2 < l < 00 we have 

1 . , , M , , 

—— x < h | < x and x = sup x h . 
f(t )" " _ . . 2<e<oo 

Finally we put for any 2 < r < 00 and xGS 


|x||| r := sup ||x|fi. 

£>r 

^eNu{oo} 


Two sequences (x*), (yf) in S are called c- equivalent, for some c > 1, and we write (xj) ~ c 
(2 

(ij t ), if || ^ajXj|| ~ || "Yh^yi II f° r a ll ( a i ) £ c 0 o, where for c > 1 and a, b > 0 we write 

Q 

a ~ b to denote that (l/c)a < b < ca. If (x*) and (yf) are c-equivalent for some c > 1 we 
write (xj) ~ {yf). A basic sequence (x n ) is called c-subsymmetricii it is c-unconditional and 
c-equivalent to all of its subsequences. For two Banach spaces A" and Y we write X « c Y if 
there is an isomorphism T between A" and Y with ||Xj| ■ ||T _1 || < c and we write X « Y if 
X k, c for some c > 1. 

If (x n ) is a sequence in a Banach space [x n : n G N] denotes the closed linear span of (x n ). 
If not said otherwise, all statements in the following sections refer to the space S. 
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2. The Banach space S is complementably minimal 


The goal of this section is the proof of the following Theorem. 


Theorem 2.1. S is complementably minimal. 


First recall the following result which follows from Lemma 5 of 


Proposition 2.2. £i is block finitely represented in each block basis of (efi, i.e., if e > 0 and 
m G N, and if (y n ) is a block basis of (ef) then there is a block basis (zi) r fi l of (y n ) which is 
(1 + e)-equivalent to the unit basis of Pfi (i.e., || Y^=i a i z i II > Xu=i \ a i\ f or 


The proof of the following statement can be compiled from the proof of Theorem 3 of 
Since the statement is crucial for our main result we include its proof. 


14 


Lemma 2.3. Let e > 0 and f 6 N. Then there is an n = n{e,£) G N with the following 
property: If m > n and if y — ^ YhT=i x i> where {x i ) r /L l is a normalized block basis of (ef) 
which is (1 + e/2)-equivalent to the unit basis of if 1 , then 

i 

sup V \\Efiy)\\ < |M| +£ < 1 + e . 


Proof. Let n G N so that — < e and assume m>n and (xi)fL 1 are given as in the statement. 
Furthermore, let E\ < E 2 < ... < Eg be finite subsets of N. Since (e*) is 1-unconditional we 
can assume that the Efi s are intervals in N. This implies that for each j G {1,2,... ,£} there 
are at most two elements i\, 12 G {1,... , m} so that F^Tlsupp (xi 3 ) 0 and supp ( Xi a )\Ej 0, 

s = 1,2. For j = 1,2,... , £, let 

Ej = U{supp(ay) : i <m and supp(xj) C Ej}. 

It follows that if y — ^ ET=i x ii th en || Efiy) — Efiy) || < E and from the assumption that 
(xi)'fL 1 is (1 + c/ 2 )-equivalent to the ^-unit-basis we deduce that 


3 = 1 


2 £ 

<-1- N \\Ej 

m ^ 

3 = 1 


2 £ 1 A II \ - 

— + — > > 

m m II 

3—*- supp(rEj)C Ej 


Xi 


of 1 11 TL 

<-1-II (1 + e/2) < £ + ||?/|| < £ + 1 


m m 1 


2=1 


which finishes the proof. 


□ 


The following theorem essentially proves that S is minimal. We postpone its proof. 

Theorem 2.4. Let (e n ) C M + with Yh £ n < 00 an d let (y n ) be a normalized block basis of 
(e n ) with the following properties: There is a sequence k n { 00 in N so that for all n G N 

k 

( 2 ) sup YAmy n )\\ <l + e n 

k < k n —1 2=1 

Ei<E2<...<Ek 
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( 3 ) 


max supp(y ra ) < e n f 


Then (y n ) is equivalent to (e n ). 


Proof of Theorem |Al| By the usual perturbation argument we only have to show that every 
block basis (z n ) of (e n ) has a further block basis which is equivalent to (e n ). Letting for 
example £i = 2~\ i = 1,2 ,..., we have to find a normalized block (y n ) of (z n ) and a 
sequence (k n ) in N so that (^]) and (|3|) of Theorem |27| are satisfied. Indeed, put k 0 = 1 and 
assume that ko < k\ < ... < k n and y\ < yi < ... < y n are already defined for some n > 0 . 
By Remark TT and Lemma Til we can choose y n +i > y n hr the linear span of (zf) so that 
condition of Theorem [ 2 .d| is satisfied. Since Imp—,^ f (i j oo we then can choose 

so that (J3|) is true. 

In order to show that S is complement ably minimal we first observe that (il|) implies 
that every normalized block basis (y n ) of (e n ) dominates (e n ), i.e., that || cq 2 /j|| > 

|| cpej||, for all (cq) G Cqo- Secondly we apply the following more general Proposition.□ 


Proposition 2.5. Let Z be a Banach space with a c u -unconditional basis ( e n ), c u > 1. 
Assume furthermore that there is a Cd > 0 so that every normalized block basis ( y n ) of ( e n ) 
Cd-dominates (e n ) (i.e., q| ^cqr/i|| > || Yh a i e i || f or all (cq) £ c 00 ). Then a subspace of Z 
generated by a normalized block of (e n ) which is equivalent to (e n ) is complemented in Z. 


Proof. W.l.o.g. we can assume that (e n ) is a normalized and binronotone basis of Z (i.e. 
|| [m, n](z)|| < H^ll for all 0 = z i e i e and 1 < m < n in N). Assume that ( y n ) is 
a block of (e*) which is c e -equivalent to (e,). Using the assumption that (e n ) is normalized 
and bimonotone we find yf G Z*, for n G N, with 1 = |||/*|| = y*(?/ n ) and supp(?/*) C 
[l + max(supp(i/ n _i)), max(supp(r/ n ))] (where yo = 0 and nrax(0) = 0). Define T — ^ y^yn, 
x i—► J2ynyn( x ) ■ We have to show that T is wclldehned and bounded on Z , then it easily 
follows that it is a projection on [y n : n G N]. Let x — ^ cpe*, with (a*) G c 0 o- We can write 
X = Y, x i = Y. \\ x i\\ u ii with Xi = [1 + max(supp(j/j—i)), max(supp( 1 /*))](x) and tq = aq/||aq|| 
if Xi 7 ^ 0, and Ui = e maxsuppyi , otherwise. Then it follows that 


T{x) = || ^VnVKXn 


~ 11 ^ v ||^n||?/n ^ ^n^e|| ^ ^ 

c u c e c d \\x \\, 


X' i i 11 C r 


which proves the claim. 


□ 


Let x G S. If £ is the smallest element of N, so that ||a;|| = ||x||^ we call £ the character of 
x and write char(a;) = £. If ||x|| = we write char(a;) = oo. 

The next Lemma makes the following qualitative statement precise: If x G Coo, if r > 1 is 
“big enough”, and if Ei < E 2 < ... < Eg, £ > r, are subsets of N so that 

1 1 

then for “most of the Ef s” the character of Ei(x) is “much bigger than r.” 
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Lemma 2.6. There is a constant d > 1 so that for all r G M+ with f(r) > al 2 


x 


r < 


y/m. 


% mi 

E\<E2<...<E£ 


\Ei{x) 


r f ( r ) 


if x G c 0 o with 111x| ] | r 7 ^ 

Proof. From the logarithmic behavior of / we deduce that there is a constant c > 2 so that 
the following inequalities hold 


(4) /(£) - 1 > /(£)/c, whenever £ > 2, 


(5) c/(£) > /(££') - /(£), whenever £, £' > c, 


(6) < c\//(£), whenever £ > c, and 


(7) /(£") < cz//(£) whenever £ > c and z/ > 1. 


Choose d = 4c 3 , let r G M + such that f(r) > d 2 . In order to verify that this choice works 
let x G S with |||x||| r ^ ||^||oo- Let i > r and Ei < E- 2 < ... < E? so that 

1 e 

111 * 111 - = ■ 

For r,R G M, with 2 < r < R, let M = M(f,R ) := {i < £ : char (^(x)) G [r, i?[ } and 
for i G M let C G [r, i?[ be the character of E t (x). We choose for each i G M hnite subsets 
of Ei, E\ < E\ < ... < E\. so that 



Now we observe that the set {Ei : i ^ M} U {J i£M {E'j : 1 < j < tf\ is well ordered by “<” 
and its cardinality is i — jfMR EigM di which is at least d and at most dR. Tims we deduce: 

^ (■ 


( 8 ) 




> 


1 


f(e-#M+ E U) 

ieM 


E iiswii + E Eii^'wii 

i=l,i$M ieM j =1 


> 


1 


> 


> 


fm 

i 

fm 

i 

fW) 


E n^(*)ii + E/^)ii^(*)ik 

2 = 1 , Z^M 


ieM 


Eiib,wii + E(/( ? )- 1 )ii b < 


a; 


i= 1 
£ 


i&M 


EiiBiWii + -/(f)Eii B i 


a: 


«=i 


ieM 


(using 


Solving for jk? EieM ll-^*( a; )ll leads to the following inequalities 


(9) 


m 


< C 


/W /(ER) 

c fm-f(d ) 
/(r) _ f(d) 

2 /(^) 


c/(ER) 

/(0 


E» B 'Wii 


Z=1 


X 


/( 0 /W 


x||L < c 


Eg) 

f(r)f(r) 


|x||| r (using |5|). 


Choosing for the pair of numbers (f, i?) the values (2, r{r 1 ^^ T \r), (r, rV-fO), 
r \//W ; r /W) we deduce from the ineq 
, which implies together with (pi) that 


and (r\/^E r /h)) we deduce from the inequalities (|) and (0) in each case that E)/(r) — 


y/fix) 


m 


E 


IfiMII < 


4c 3 


and, thus, that 


yielding the lemma. 


x L < 


2<char (Ej(rr))<r-fM 

d . 


\/7(d 


X 




X 




□ 


Remark. Note that in the proof of Lemma \2. (\ the only properties of the function f which 
was needed was that fact that it was increasing and that there is a c > 2 so that the inequalities 

(HP - (HP hold. 
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Thus if £q and g : [£ 0 , oo) —> ( 1 , oo) is an increasing function so that there is a c > £ o 
for which Q) (whenever f > £q), and hold then the conclusion of Lemma fK6 

holds for the completion of c 00 under the norm ((•)) defined implicitly by 


({x)) = ||a;|| <00 V 


sup 


e>e 0 ,E 1 <E 2 <...E e g(£) “ 


(( Eifx ))), whenever x G c 00 . 


Proof of Theorem Let ( y n ) , ( k n ) and ( e n ) be given as in the statement of Theorem 
and let d > 1 be as in Lemma [ 2 . 6 | . For r > 1 we put ro := r and, assuming was already 
defined, we let r^+i = rj (rk . From the properties of the function / it follows that there is 
an R > 1 so that the value 


( 10 ) 


m := n 

k =0 



/(9r fc ) 
f( r k ) 


is hnite whenever r > R. By induction we will show that for every m G N and every 

(<*02,1 c R, 


(ii) 


E 

i= 1 


OLiVi 


< 3(r) max 
* 0>1 


a. 


*0 


+ 


i>io 


cue, 


E 

i= 1 


CD; £». 


Since ||| ■ ||| r is equivalent to || • || for all r > 1, since Y £ i < °°, and since || Y a iVi\\ > 
|| S a * e »ll — m aXj g N \o>i\ for (cxj) G coo this would prove the assertion of Theorem [Q| . 

For m = 1 the claim is trivial. Assume it is true for all positive integers smaller than some 
m > 1 and let r > R, (cq)i^i G c 00 - Let y = YYU a dT- If \\\y\\\r = \\y hoc H ie assertion 
follows easily since 11 y 11 ^ < maxj< m |cq|. Otherwise we can use Lemma ^ 6 ] in order to find 
an £>r and hnite subsets of N, E\ < E 2 < ... < En so that (with j(r) = 1/(1 — d/y/JJr))) 


(12) llll/III^TWyLglllBjWIIUl. 

We can assume that for all j < £, Ej C x supp(y*). For 3 — 1,2,... ,£ we put 
E) := Ej O supp(y. s( j)), Ej := Ej 0 supp(y t(3 -)) and Ej = Ej\(Ej U Ej) where s(j) := min{i : 

Ej 0 supp(yi) 0} and t(j) := max{z : Ej D supp(y*) 0}. We put S := {Ej, Ej , Ej , 
j E ^}\{0} and note that £ can be ordered into £ = {Ei, E 2 ,... , Ef\ with £<£<?>£ and 
E x < E 2 < ... < E~ t 

Secondly we observe that £ can be partitioned into m + 1 sets £ 0 ,£i,... ,£ m defined in 
the following way: £ 0 := {E G £ : E fits with (supp(y;)) ie fsj} (where we say that E fits with 
a sequence (A n ) of disjoint subsets of N if and only if for all n, E D A n 0 implies that 
A n C E) and for 1 < i < m we let £ % := {E : E G £ and E T supp(yj)}. 

For i = 1,... ,m we let A := #£i (note that £ % may be empty) and let iq — 1 if for all 
i < m, £i < ki _i otherwise put i 0 := max{?' < m : £ t > /q_i}. 
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From ([12]) we deduce now that (recall that r, — r" r ') 


(13) 


<^EIIILMIII. 


< 


iir) 

m 


'y 1 III E j ( y ^ a iVi \ 11 |ri + y ^ 11 \Ej(oti 0 y- l 

.3=1 E<i 0 ' 3 =1 


*0/ I I Ul 


X! 111 E j ( ck j?/j /111 n 

3=1 'i>io 


^7 ( r ) V^l„. I ||W„.MI I 7( r )/(^) l^iol II 7? 

< - - _X 2_^ l a *l ■ \\Ej{yi )II + r(p\ rf 7, / , I Ej\y-< 


f{£) fr' Z - 

J v ' *<*0 j=l 

7(f) 


/ot mtt 


10) 


fw 


E i«.iEh £) wii 


i>io,£i^9 Ee£i 


tW 

/(*) 


EME 


Ea £o 


,a«2/i 


i>io 


If io 7^ 1 we deduce that the first term in the above sum, can be estimated as follows (we use 
condition (|3|) of the statement of Theorem ^74] and note that from the choice of io it follows 
that £ > 1/3 > lij 3 > fcj 0 _i/3 > ki/3 for i < i 0 ): 


l( r ) 

m 


X X N ' \\ E i(yi)\\ ^ 7( r ) XI 




*<*0 3 = 1 

The second term can be estimated as follows: 




*0 — 1 

#supp (yt) < 7(r) X £ *l«* 
2=1 


7W/(0 i 

/(*) ' 


^0 I 




V-n£w„. Ml / 7(0/( 3 ^),„, mu. I, ^ 7M/(3r _ 

/ , ||-^(j(?/*o) II — t!c\ l®*o I ll?/*oll — ' I®' 


m 


fir) 


IQ I ‘ 


By condition ((2) of the statement of Theorem ^73| and the definition of io we deduce that 
Eisefi \\ E (yi)\\ < ! + £ * > if i > io and £i ^ 0 . Thus, we observe for the third term that 

7(r) Y N E II^WII 2 7m E (1 + ^)W- 


m , 


2>2Q j Si ^-0 


f{£) * „ 


For the last term we apply the induction hypothesis and find for each E G £o an i# G {i > 
io : supp(i/j) C -E} U {0} so that 


EIRE aiVi ) H i ^ - ^( ri ) X 

E££q ' Eg£q 


\ a i E \ + 


E 


OLi&i 


1>%E 

supp(yi)cE 


y t \^i\Ei 

supp(j/i)c£ 


Let A = {{i} : i > i 0 , £ { ^ 0} U {{i E } : E <E £ 0 ] U {{i> i E ■ supply*) C E} : E G £ o }\{0} 
and note that A consists of subsets of {i 0 + 1 , i 0 + 2 . .. } has at most 3£ < 9£ elements and 

























is well ordered by <. Finally we deduce from (O) and the above estimates that 


< 7( r ) \ ai \ £i + 


+ 


*<*0 

7(' r )/3(n) 

m 


l( r )f(3r) 

f ( r ) 


Kl + m 


7(r) E w + E 


i>io,£i^<6 


^ ^ , 


E'“« l + —wfE 


Eg£ 0 


E 


1=1, £i^0 

a*e; 


E&£ o *>*E,supp(*/i)CU 


+ 7(' r )/^(' r i) ^ 


/(*) 


Oii Si 


supple# 

EsSq 


< P(r) 


f ( r ) 


Kl + /M/(9r) 


+ ^ g *l a * 


2=1 


(Note that /3(r) = P(ri)'y(r)f(9r)/f(r)) 
/(r) /(9€) 


< /3(r) 


< /3(r) 


«* 0 I + 


/(9r) /(0 


^ ^ OjCj -I - ^ ^ 


*=1 

m 


*=*0+1 


(since ff A <9£) 


a. 


*0 


+ ^ ^ Q*e* + £*|«*| 


*=i 


*=*0 + 1 


(since £ > r). 


This proves the induction step and completes the proof of Theorem |2.4| . □ 

3. The Banach space S is subsequentially prime 

The main result of this section is the following Theorem. 

Theorem 3.1. The space S is subsequentially prime. 

Theorem |3.1| will essentially follow from A. Pelczynski’s decomposition method and the 
following theorem. 

Theorem 3.2. Let (xf) be a normalized block sequence of (ef) in S and let (kf) be a subse¬ 
quence of N. There exists a subsequence (yf) of (xf) with the following property: 

If ( Si ) and ( ti ) are strictly increasing in N, and Si,ti < k i; for ieN, then (y Si ) and (y ti ) 
are equivalent. 


Before giving the proof of Theorem p.2| we need a result, for which we introduce the 
following norm ((•)) on Coo- 

For x > 3 define g = log 2 (l + f) and let ((•)) be the norm which is implicitly defined by 

1 e 

((x)) = V sup —— y^((Ei(x))), whenever x 6 c 00 . 

e>3,E 1 <E 2 <...E e g{t) “ 

Lemma 3.3. The norm ((•)) is equivalent to the norm || • || on S. 

Proof. First note that since f(£) > g(£ + 1) whenever £ > 2 it follows that ((•)) > || • ||. Thus, 
we only have to show that for some constant C it follows that ((•)) < C || • ||. The proof will 
be similar to the proof of Theorem IET 
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For £ and r G [3, oo) let {{-))e and {{{■))) r be defined as || • \\n and ||| • ||| r respectively. Let 
d > 1 be chosen so that the statement of Lemma |2.6| holds (see Remark after proof of Lemma 
, i.e. so that 


(14) 


«<*»>r < 




sup -^±m{x))))^ 

e>r i=1 


e 1 <e 2 c...<e £ 


if r G M+ with g(r) > d 2 , and x G Coo with {{(x r ))) p 1 

For r G [3, 00 ) we define r 0 = r and, assuming that r k had been defined, let r k +\ = T a k rk \ 
Then we deduce that there is an R > 3 so that for all r > R 


p(r)= n 


g{2r k ) 


k =0 


\A(ot) 


gin) 


is finite. By induction on m G N we proof that for each x G Coo so that #supp(a;) < m and 
r > R it follows that 


(15) {{(x)))r < P(r)\\x\\. 

Assume that (|l5|) is true for all 2 G c 0 o for which #supp(z) < m and assume that x G c 0 o 
with ^supp(x) = m. If (((x))) r = the claim follows immediately. Otherwise it follows 

from ([14]) that for some £ > r, £ gN, and some choice of E\ < E 2 < ■ ■ ■ E( we have 


«<*)))r < 


1 - 


•v/sfi) 




< ~p{r 9 ^) 


1 - 


a /g(r) 


—— ||^i(x)|| (By the induction hypothesis) 

) t=1 


= P(r) 


g(r) 1 

g{2r)g{i) ^ 


||^(x)|| < p(r) ||x|| (Since 4^ < 4 tT7F = § 777 ) 


g(2r)~g(2£) f{£\ 


which finishes the induction step and the proof of Lemma |3.3| □ 

Proof of Theorem |d.if - First we note that we can assume that lim „^ l30 = 0. Indeed, 

from Theorem |2.4| it follows that there is a normalized block (z k ) in S which is equivalent 
to the unit vector basis (e k ) and has the property that lim n _ >00 = 0. Thus, we could 

replace each x n by the vector x' n in the span of (z k ) whose coordinates with respect to the 
z k s are the coordinates of x n with respect to the e k s. 

Let e > 0, and y G coo with ||?/|| = 1 and || 2 /||oo < e/2. We can write y as y = 2/(*j £ )i 

where £(y,e) G N and y( l,e) < y( 2, e) < .. .y(£(y,e),£) such that ||y(z,e)|| < e for i = 
1,2,... ,£(y,e). Further more we could choose the y(i,e)’s to have maximal support in the 
following sense. First we choose y(i,e) = [l,ni](y) with rq G N being the largest n G N, 
n < maxsupp(y), so that ||[l,n](t/)|| < e, then we choose n 2 > rq being the largest nGl, 
n < supp(y), so that || [rq + 1, n 2 ](r/)|| < e. We can continue this way until we have exhausted 
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the support of y. This defines £(y,e) and the vectors (y(i, uniquely and from the 

assumption that ||?/||oo < e/2 it follows that e/2 < ||?/(*, e)|| for all * e {1,2,.. .£(y,e) — 1}. 
From the definition of the norm of S is follows that 


l(l/»g) ~ 1 _ £ < 
/(%,£)) 2 “ 


1 


z{y,£) 

Y \\y(.^ £ )\\ < h\ 


i =1 


t(v,e) 

1 < Y ll^(b e )H - t(yi£)e- 

i =1 


Thus for e > 0 there are two numbers H{e) > h[e) in N, with h{e) /* oo, if e \ 0, and so 
that for any y G c 00 with with ||y|| = 1 and |||/||oo < e/2 it follows that h{e) < £(y, e) < H(e). 

We now apply this “splitting procedure” to the elements of our sequence (x n ). By in¬ 
duction on n G N we find an infinite subset M n of N, with N D M\ D M 2 D ... M n and 
min Mi < min M 2 < ...min M n , numbers e(n) > 0 and p(n) e N satisfying the following 
three properties. 


(16) For all m G M n we have £(e(n),x m ) = p(n). 

(17) For any choice of n < so < si < ... Sfc n +i and n < t 0 < t\ < ... tk n +1 in M n 

it follows that (x Sj .(i,e(n))) 0 <j<fc f , + i > i<p(„) «i+ e ( n ) (x tj (i, e(n)))o<j<fc n +i I i< P (n)- 

n —1 

(18) If n > 1 it follows that 'Y J ll^minMillq < f(,h(e(n)))2~ n and p(n — 1 )e(n) < 2~ n . 

i=i 

For n — 1 we simply choose e(l) = 1 (thus £(x n ,e( 1)) = 1), p(l) = 1, and using compactness 
and the usual stabilization argument we can pass to a subsequence Mi of N so that (O) 
holds. Assuming we made our choices of Mj, £(j ), and p(j), for all j < n, we first choose e(n) 
so that (HI) is satisfied (recall that h{e) /* 00 , for e \ 0 ), and then again using compactness 
and the usual stabilization argument we can pass to an M n C M n _ 1 \ {min M n _\} and find 
a p(n) G N so that ||x m || <e{n)/2 whenever m G M n and so that (p~ 6 |) and (p~7|) are satisfied. 

For n G N we now define y n = x min(Mn ) and y n (i,j) = y n (i, e(j)) if i < n and j < p(i), and 
prove the following claim by induction on N G N: 

Claim: For every n G N, every K, L G {1,2,... ,p(n)}, every (aj)/ = j 0 Ar+1 C M, and every 
choice of n < sq < si... s n+ N+i and n < t 0 < ti... t n+ jv+i with Si,ti < ki +n , for i = 
0,1... , n + N + 1, it follows for 


(19) 

( 20 ) 

that 

( 21 ) 

where 

( 22 ) 


p(n) N L 

x = a 0 Y ys 0 (n,j) + Y aiVsi + aN + n + 1 E y s n+N+l (■ n,j ), and 

j=K i =1 j =1 

p(n) N L 

x = a 0 Y yto ( ? F j) + Y aiVti + aN + n + 1 E ytn + N+l (n,j) 

j=K i =1 3 =1 


®ll < c(n) [max((F;(f))) + {{F{x)))\ 


N 

c (n) = Y 2 ~ i + £ ^ 

i=n 
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Since by Lemma |3.3| ((•)) is an equivalent norm on S (and therefore also the norm Coo 9 x i—)► 
ma xe<f((E(x))) + ((F(x))) has this property) the claim implies the theorem. 

For N — 0 the claim follows directly from (|T7|). Assume the claim to be true for N < N 
and let x and x be given as in (| 1 ^) and (| 20 j). 

We choose £ G N so that ||x|| = ||x||^. If £ < p(k n ) we let io = 0, and other wise we choose 
io G N U {0} so that p(k io+n ) < £ < p(k io+n+ 1 ). We split x into three vectors x^, x (+ and 
x ® as follows. If i 0 = 0 we let x+ = 0, otherwise we put 

p(n) (*o — 1)AN 

(23) x {1) = a 0 ^y so (n,j) + Y 

j=K i= 1 

and x^ is defined as x^\ by replacing the Sj’s by fj’s. From ([18]) and the choice of i 0 it 
follows that (note that h(e(sj 0 _i + 1 )) < h(e(s io )) < p(s io ) < p{k n+io ) < £) 


(24) 


\x 


(!) I 


i A 


max 
0 <i<n-\-N 


OLi 


m 


(io-l)AV 

£ 

i=0 


\\y Si \\h < \\x 


f(h(e(s io ))) 

1 m 


< ||x ||2 


—n—i o 


Secondly, if we let 
(25) 


aoHfAvv(n,j) + E£" 1 +1,A '' if *0 = 0 

(kn+iQ +1)AiV ■ r ■ / ri 

z2i=(i 0 -l)/\N+l a iVsi if 7 ^ 0 


and x^ is defined as x+, by replacing the s*’s by fj’s. We deduce from (|T7| ) that 
(26) ||x (2) || < ( 1 + £(sj 0 ))||x (2) || < (1 + e(n + i 0 ))||x (2) ||. 


Finally we let 


N p(n) 

(27) x (3) = x - x (1) - x (2) = Y a iy°i + a N+n+ 1 Y y*n+N+i (n, j) 

i=k n+iQ +2 j=L 

and, again, define x® as x®, by replacing the Sj’s by fj’s. Choose E\ < ... Eg so that 

\\ x(3) \U= y^Y\\ Ej ( xi3) ^- 

Note that for any i > k n+io + 2 it follows that ,s t > k n+io + 2 + n > k n+io + 2 and by 
(0) it follows that £e{k n+io + 2) < p(k n+io + 1 )e(k n+io + 2) < 2~ kn+i m l < 2~ n -^~ 1 . Let 
n' = k n+io + 2 + 7i. For each j = 1, 2 ... £ we can perturb Ej into a set Fj (by possibly taking 
some part of the support of some y Si (n',u ) away at the beginning of Ej and adding some 
part of the support of some y Sj (n', v ) at the end of Ej) so that for each j = 1, 2 ... £, each 
i > k n+ i 0 + 2 , and each u — 1,2,.. ,p(n') Fj either contains supp(r/ Si (n', u) or is disjoint of 
it, and so that 


(28) 


|i (3) ||«= 




\FAx^)\\+££(n) max 

'0<i<V+n+l 


lad < 


i 


mu 


\ f A x 


(3) 3 


1 + 2 


— n—i(j — 11 


X 
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To each of the Fj(x w) we can apply the induction hypothesis and obtain a splitting of each 
Fj = [J{supp(7/ tj (n / , u)) : i > i 0 + 3, u < p(n') and supp (y Si (ri, u)) C F/} 

(Fj is the “ x ® version of x^”) into G 3 and H 3 , with G 3 < H 3 so that 

(29) ||* (3| ||, < 2-”-‘»- 1 ||x|| + jF C («') £«G,(i (3) )» + (( H,(x < 3 >)» 

<2- n - i °- 1 ||x|| +c(n')((x (3) )) 

(for the last inequality recall the definition of ((•)) and the fact that g(2t) = f(£)). 

Finally, putting (|2l), (E6|) and (E9|) together, observing that II ■ || < ((•)), the fact that 
c{n) > 2~ n ~ io + + e(n + 1) + c(ra') we obtain 

ll^ll = ||x||f < ||a: < ' 1 ^||^ + ||a: < ' 2 ^ || + ||r 

< ||x||2 _n_ *° + (1 + e(n + f 0 ))||5 (2) || + 2 _n_io_1 ||x|| + c(n')((x (3) )) 

c(n') sup (((E{x))) + ((F(x)) + [2~ n - io + + e(n + l)]\\x\\ 

E<F 

< c(n) sup (((E(x))) + ((F(x)))), 

E<F 

which finishes the induction step and the proof of the theorem. □ 


Proof of Theorem |3.1| . Let (x n ) be a seminormailzed basic sequence in S whose closed linear 
span is complemented in S. Since S is reflexive we can assume, by passing to an appropriate 
subsequence, that for some a G S, x n = a + z n where z n is weakly null. Since a is element 
of the closed linear span of ( x n ) and ( x n ) is a seminormailzed basic sequence it follows 
that a = 0 and, thus that (x n ) is semi normalized and weakly null. By applying the usual 
perturbation argument it we can assume that ( x n ) is a seminormalized block sequence and 
therefore apply Theorem [L2] with k n = 2n + 1 for n G Ff to obtain a subsequence ( y n ) so 
that ( y n ), (y 2 n+i) and (i/ 2 n) are equivalent. In particular it follows for Y — [y n : n G N] that 

Y « Y © Y (the complemented sum of Y with itself). Since S has a subsymmetric basis, it 
also follows that S ~ S © S. This means that we are in the position to apply Pelczynski’s 
decomposition method |13[], which is so elegant that we cannot restrain ourselves to repeat 
it here. We write S — U © Y (note that with [xi : i £ N] also Y is complemented in S) and 

Y — V © S. Then it follows that 


SttU®YttU®Y®YttS®YttS®V®SttS®V&Y, 

which proves our claim. 


□ 
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